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1 Motivation

Suppose you want to walk up a staircase of 6 steps, and can take 1, 2 or 3 steps at a time.
How many ways are there to walk the 6 steps?

It seems hard to count the number of ways of walking the steps directly, but on second
thought we can find a relation between the number of ways of walking n steps with the
number of ways of walking fewer steps: To get to n steps, one must get to n− 1, n− 2 or
n−3 steps before the last hop. If one can get to n−1, n−2 or n−3 steps, there is exactly
one way to complete the n-step walk. Thus if an denotes the number of ways of walking n
steps, we have

an = an−1 + an−2 + an−3

for n ≥ 4.

Now we just need to find a1, a2 and a3, and compute the subsequent terms in the sequence
{an} by using the recurrence relation repeatedly.1 The calculation is reserved as an exercise
for the reader.

Now let’s look at another example, taken from the International Mathematical Olympiad
Preliminary Selection Contest in my hometown, Hong Kong:

Find the number of 10-digit positive integers such that
(a) each digit is either 1 or 2; and
(b) there exist two consecutive 1’s.

1In fact, one can also use the recurrence relation to compute a3, by viewing a0 as 1, since there is only
one way to walk 0 steps, which is to not walk at all.
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Let an denote the number of n-digit sequences (consisting only of 1’s and 2’s, the same
below) with two consecutive 1’s. At first glance, one may be tempted to think that to get
such a sequence, one must first find an (n− 1)-digit sequence with two consecutive 1’s and
then append any digit at the end of it, so that an = 2an−1. However, this is not necessarily
the case. One may also have an (n−1)-digit sequence which has no two consecutive 1’s but
which ends with a 1, so that when a 1 is appended at the end of the sequence, an n-digit
sequence with two consecutive 1’s is obtained. Thus for any n-digit sequence containing
two consecutive 1’s, there are several cases:

• If the n-digit sequence ends with a 2, then its first n−1 digits must be an (n−1)-digit
sequence containing two consecutive 1’s. There are an−1 such sequences.

• If the n-digit sequence ends with 11, it already has two consecutive 1’s, so the first
n− 2 digits are arbitrary. There are 2n−2 such sequences.

• If the n-digit sequence ends with 21, then the first n−2 digits must be an (n−2)-digit
sequence containing two consecutive 1’s, There are an−2 such sequences.

Hence, we see that
an = an−1 + an−2 + 2n−2.

The calculation of a10 is again left as an exercise for the reader to get a taste of the process.
For checking, the answer should be 880.

2 General Method

Note that the two examples in the previous section share a common feature: they ask for
early terms in the sequence {an}. Although we are able to directly compute the answers
in such case, brute force may not be feasible when, say, we want to find the number of
ways of walking an 1000-step staircase of the number of 2014-digit sequences satisfying
certain properties. This necessitates a general method for computing the general term an
of a sequence given a recurrence relation expressing an in terms of the earlier terms in the
sequence.

For some recurrence relations, e.g. an = sin an−1 + ea2 + ln a3, it may seem hopeless to find
the general term (and it probably is). Yet, for some other recurrence relations, an = an−1,
an = an−1 + 3 and an = 10an−1, it is very easy to find the general term.

For linear recurrence relations like an = 4an−1 + 3, one may derive the general term as
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follows:

an = 4an−1 + 3

= 4(4an−2 + 3) + 3

= 42an−2 + 3(4 + 1)

= 42(4an−3 + 3) + 3(4 + 1)

= 43an−3 + 3(42 + 4 + 1)

...

and you see where this is bringing us.

Today we would like to explore one particular type of recurrence relation: linear homoge-
neous recurrence relations, which are of the form

an = k1a1 + k2a2 + ...+ kn−1an−1.

They are called linear because an is a linear function of a1, ..., an−1 (there are no squares
involved), and they are called homogeneous because all the terms are of equal powers: not
only are there no squares; there is also no constant term.

Consider the sequence {an} defined by a1 = a2 = 1 and

an = an−1 + an−2

for n ≥ 3. This is the famous Fibonacci sequence, which Italian Fibonacci illustrated
using an example of rabbits giving birth. The treatment of this sequence will be general-
izable to any linear homogeneous recurrence relations. What is the general term of this
sequence?

It may be hard to come up with an exact answer at first sight, but we can try to make an
educated guess. Let’s try an = λn for some constant λ. This guess has good for one reason
and bad for another reason. The good thing is that in order to find λ, we require

λn = λn−1 + λn−2,

which reduces to λ2 = λ + 1 and hence λ2 − λ − 1 = 0 assuming λ 6= 0. This is known
as the characteristic equation of the recurrence relation. If we can find a λ satisfying
the characteristic equation, then an = λn will satisfy the recurrence relation for all n,
since we are just multiplying through by a power of λ. The bad thing about an = λn,
though, is that it obviously does not describe the original sequence, since, for example,
a3/a2 6= a2/a1.

Nonetheless, let’s solve for λ. We get λ = λ1 = 1+
√
5

2 or λ = 1−
√
5

2 . Now what?
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Well, now that we have two general terms satisfying the recurrence relation, we need to
think about how to generate new general terms that also satisfy the recurrence relation.
Then we can try to manipulate them to find one that also matches the initial conditions
a1 = 1 and a2 = 1, which would be great.

Note that any linear combination an = Aλn1 + Bλn2 also satisfies the recurrence relation,
since

Aλn1 +Bλn2 = A(λn−11 + λn−21 ) +B(λn−12 + λn−22 ) = (Aλn−11 +Bλn−12 ) + (Aλn−21 +Bλn−22 ).

So the remaining task is to find A,B so that Aλ1 +Bλ2 = 1 and A 12 +Bλ22 = 1. Solving,
one should get A = 1/

√
5 and B = −1/

√
5, so

an =
1√
5
·

(
1 +
√

5

2

)2

− 1√
5

(
1−
√

5

2

)2

.

At this point I would like to throw a question at the reader: apart from setting up equations
using a1 and a2, is there another, perhaps slicker, way to solve for A and B? (Hint: Think
about defining a0!)

3 The Other Way Round

So far we have started with combinatorial (counting problems) and invoked algebraic ma-
chinery to solve them. Have you ever thought that things can also go the other way round,
i.e. we can use combinatorial interpretations to handle algebraic (or number theoretic)
problems?

Consider the following example:2

Find the units digit of
(3 +

√
7)2014 + (3−

√
7)2014.

First, one may wish to verity that the expression indeed represents an integer: when we
expend both terms using the binomial theorem, we find that terms with even powers of√

7 are integers themselves, while terms with odd powers of
√

7 cancel. But how on earth
can we find the units digit of this nasty expansion?

2The 7 in this problem was originally 5. A clever friend in the audience, to whom I extend my gratitude,
pointed out that the original problem would be solvable using binomial expansion, since many terms in the
middle, being divisible by 2 and 5, would have units digit 0. This led to the modification of the problem,
in order to illustrate the use of the recurrence relation perspective.
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Well, recall when we last saw something like this. This looks like the general term of a
sequence with a linear homogeneous recurrence relation! Indeed, if we let λ1 = 3 +

√
7

and λ2 = 3 −
√

7, then since λ1 + λ2 = 6 and λ1λ2 = 2, we see that λ1, λ2 are the roots
of the equation λ2 − 6λ+ 2 = 0, which gives λn = 6λn−1 − 2λn−2. Since λ11 + λ12 = 6 and
λ21 + λ22 = 32, we see that

an = (3 +
√

7)n + (3−
√

7)n

is the sequence with a1 = 6, a2 = 32 and an = 6an−1−2an−2 for n ≥ 3. (Alternatively, one
can formulate the initial conditions in terms of a0 and a1). We then proceed to look for a
recurring pattern in the units digit of the terms an. This may take longer than expected,
but not too long, because we know that once the units digits of two consecutive terms repeat
then everything that follows would also repeat, and since there are only 102 = 100 possible
combinations for the units digits of two consecutive terms, the length of the cycle is at most
100. For comparison, one may also try the method of expanding (3+

√
7)2014+(3−

√
7)2014

directly and analyzing the units digits in the binomial expansions.

4 Multiple Sequences

So far we have only dealt with recurrence relations and general terms involving one sequence
at a time. Can there be more than one sequence interacting with each other? Consider
the following example:

Suppose in a city, all telephone keypads are in the following fashion

1 2 3

4 5 6

7 8 9

and all valid phone numbers are those with 8 digits and where neighboring digits in the
number are distinct digits that share a common edge on the keypad. How many valid
phone numbers are there in this city?

If we only use one sequence {fn} to represent the number of phone numbers of length n
and try to find a recurrence relation, we will be doomed because sometimes an (n−1)-digit
phone number can give rise to 2 n-digit phone numbers (say, if the former ends with a 1
then we can append 2 or 4 at the end of it) while sometimes an (n−1)-digit phone number
can give rise to as many as 4 n-digit phone numbers (if the former ends with a 5 then we
can append 2, 4, 6 to 8 at the end of it)! So if we only keep track of the total number
of n-digit phone numbers, we don’t know how many give rise to how many longer phone
numbers.

Instead, we need to consider phone numbers ending in different digits separately. Let an
denote the number of n-digit phone numbers ending in 1, bn denote the number of n-digit
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phone numbers ending in 2 and cn denote the number of n-digit phone numbers ending in
5. By symmetry, an also applies to 3, 7 and 9, and bn also applies to 4, 6 and 8. So instead
of 9 different sequences, we only need 3, fortunately.

The unfortunate thing is that not only are there multiple sequences; their recurrence rela-
tions are also intertwined with each other:

an = 2bn−1

bn = 2an−1 + cn−1

cn = 4bn−1

No big deal. Plugging the first and third equations into the second, we get

bn = 2 · 2bn−2 + 4bn−2 = 8bn−2,

which is somewhat surprisingly simple! Using this recurrence relation and the initial con-
ditions (which are trivial to find), we solve for bn, from which we find an and cn, and finally
the total number of n-digit phone numbers, 4an + 4bn + cn.

The reader is encouraged to think about the following variants to the above problem:

• What if consecutive digits in a phone number are allowed to be the same digit?

• What if consecutive digits in a phone number only need to share a common point on
the keyboard (say, can be 1 and 5)?

• What if a 0 is added below 8? (Caution: Tricky!!!!)

Have some recurring fun!
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