
INTRODUCTION TO MATHEMATICAL LOGIC

ADAM MILLAR

Our goal today is to examine the logical system known as Classical Propo-
sitional Logic (CPL), and the Natural Deduction (ND) method of construct-
ing proofs. We will review the formal syntax of CPL and the inference rules
of ND. We will touch on the formal semantics of CPL; the method of truth
tables. Finally we will mention Predicate Logic, an extension of Proposi-
tional Logic, and allude to a few metatheorems of CPL.

1 What is Logic?

Logic is an ancient and varied discipline. It has ties to rhetoric, philosophy,
computer science, and of course, the whole of mathematics. Studying it can
also make your mind sharper, and improve your reasoning skills.

Today we will largely examine logic as it applies to the proof methods em-
ployed in modern mathematics, and indeed the system we will study today
was formalized and made rigorous expressly to be employed by mathemati-
cians.

Before we get to the particulars of formalizing proof methods, first we
must get an idea of what logic is. The simplest definition is that logic is the
study of arguments. What sorts of arguments are we allowed to use, which
are correct, which incorrect, and how can we be sure we use the correct
ones?

2 Formal Arguments

A natural question to ask at this point is ’what is an argument?’ Formally
an argument is some set of propositions called premises (the given) which
entail some further proposition, the conclusion.

Everyone is familiar with this structure; if I want to convince someone
of a particular claim, I list a number of other claims which I believe entail
what I wish to argue for.
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Consider, for example, the following arguments;

Argument A

1) Whenever it is raining over the roof, the roof gets wet.

2) The roof is wet.

3) ∴ Therefore, it is raining over the roof.

Argument B

1) Napoleon was German.

2) All Germans are European.

3) ∴ Therefore, Napoleon was European.

Argument C

1) There are more than 1010 stars in the Milky Way.

2) A Galaxy is a large collection of stars.

3) ∴ Therefore, there are more than 1010 galaxies.

But what then, does it mean for some premises to entail a conclusion?
Roughly speaking this is the aim of logic; to pin down cases of genuine
entailment from premises to conclusion, and to be able to detect a lack of
entailment.

What we concern ourselves with as logicians is when a particular argument
is valid.

Validity consists in there being no possible scenario in which the premises
are all true, in which the conclusion fails to be true.

In argument A, it is certainly possible for the roof to be wet while it isn?t
raining. It might just have stopped raining. So both (1) and (2) might hold,
while (3) fails.

In Argument C, while all the propositions are indeed true, it could very
well be that (1), (2) are true, but no entailment exists between those two
facts and (3). There could very well be scenarios in which (1),(2) hold and
(3) fails.

Now what about Argument B? This is the most intriguing case. (2) and
(3) are clearly both true, while (1) is clearly false, and yet the argument as
a whole is perfectly valid. Why? Because, even though (1) is false, were it
true, along with (2), (3) could not fail to be true. The truth of (1) and (2)
guarantee the truth of (3).
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This reveals an intriguing fact about logical entailment, namely that it
operates independently of the truth or falsity of any particular proposition
in the premises or conclusion. What logicians concern themselves with is
validity, not truth.

3 Symbolic Syntax of CPL

This fact leads us to the next step in our investigations. Because we care
only about the validity of an argument, it does not matter which particular
propositions we take as premises. We care only for the form of a proposition.

For an argument to be valid, we only concern ourselves with ’if the
premises are taken to be true, does the conclusion follow?’, we might con-
sider propositions in the abstract, where we consider only that they might
be true or false, not what particular fact they might convey.

We employ this kind of abstraction all the time in mathematics, even in
arithmetic. When all we are concerned about is quantities, the statement
’four apples plus four more apples is eight apples’ is captured symbolically
simply as ’4 + 4 = 8.’

For logic, we have our own symbolic language, wherein a complex propo-
sition like ’Napoleon was not German and he conquered Europe’ is expressed
as formulas like (¬P ∧ Q) where P represents ’Napoleon was German’ and
Q ’Napoleon conquered Europe.’

P and Q are called sentence letters, and they capture simple propositions
with little to no logical complexity, like ’Napoleon was German.’

Now what about (¬) and (∧)?

These symbols are known as syncategorematic terms, or perhaps more
simply logical connectives. These symbols link sentence letters, which repre-
sent simple propositions, together into formulas with more complex logical
forms.

The symbols of classical symbolic logic we will use are as follows;

• (¬) is the negation symbol and ¬P is read ’not P’ or, ’It is not the
case that P.’
• (∧) is the conjunction symbol and P ∧Q is read ’P and Q’ or ’Both

P is the case and Q is the case.’
• (→) is the conditional symbol and P→ Q is read ’If P, then Q’ or,

’Wherever P, Q.’
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Now our goal is to become familiar with translating sentences from natural
English into the syntax of CPL. Try translating the following sentences into
logical syntax.

First identify categorical terms, phrases that might be simple sentences
by themselves, and identify them with a sentence letter. Then parse out the
logical relationship the sentence draws between the categorical terms.

• It is not true that if Jane Austen wrote a book, then is has a happy
ending
• The conservatives and the liberals will not both be satisfied
• Hegel was neither a great historian nor a great philosopher.

4 Constructing Proofs

Now that we have some competence in the symbolic representation of propo-
sitions as formulas, we can begin to develop a method of constructing proofs,
which are essentially multi-step arguments.

Earlier we said that logic can be used to discover valid methods of rea-
soning. How does one demonstrate the validity of a particular argument?
By constructing a valid proof!

The method we employ today is one of several possible for doing CPL
proofs. The one we will use is called Natural Deduction. We establish several
’rules of inference’ from which we can draw deductions. These correspond
to the simplest ’purely valid steps’ which we accept as modes of inference.

Each step in the proof must be an accepted mode of reasoning. If you
can demonstrate that one proposition follows from another via these purely
valid steps, then the argument as a whole is valid.

The proofs we will construct will look a bit like this;

P → (Q→ R) ` Q→ (P → R)

I.

1.

2.

3.

1.3.

1.2.3.

1.2.

1.

II.

1)

2)

3)

4)

5)

6)

7)

III.

P → (Q→ R)

Q

P

Q→ R

R

P → R

Q→ (P → R)

VI.

A

A

A

1,3 MPP

2,4 MPP

3,5 CP

2,6 CP

QED.
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5 Anatomy of a Proof

Column IV lists the specific rule of inference used to arrive at the associated
line of the proof.

Column III contains the particular logical formula currently being as-
serted in that that line of the proof.

Column II lists the line number, to be referenced in columns I and IV.

Column I represents dependencies. The dependencies list which other
lines in the proof the current step follows from.

Dependencies are perhaps the most important component of a proof. Each
list of dependencies tells you what assumptions the associated line in the
proof depends on; what set of assumptions are necessary for you to be able
to assert whatever appears in column III on that line.

As we will see shortly, some of our rules of inference require you to add
dependencies, meaning a new line in the proof requires more than one pre-
vious step to be asserted. Conversely, a few rules of inference allow you to
remove dependencies.

6 The Inference Rules of Natural Deduction

Each of the logical connectives we saw has two rules associated with it.

One rule for introduction, where you can construct a new line in the proof
which includes that connective

One rule for elimination, where you can deconstruct a previous line in the
proof which included the connective. 1

To establish how each rule of inference affects the line dependencies, we
will consider Γ and ∆ to be arbitrary sets of dependency numbers.

There are two reciprocal rules associated with negation that are not very
interesting, but often necessary when doing a proof; Double Negation intro-
duction and Double Negation Elimination.

Double Negation

I.

Γ.
...

Γ.

II.

m
...

n

III.

P
...

¬¬P

IV.

–
...

(n) DN

1in this presentation we omit the rules for (∧) introduction and elimination
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At any step in a proof, if you assert P, you may at any later step assert
P, relying on exactly the same dependencies.

Unsurprisingly, we can do the reverse as well.

Double Negation Elimination

I.

Γ.
...

Γ.

II.

m
...

n

III.

¬¬P
...

P

IV.

–
...

(n) DN

This is also a natural inference rule.

Performing deductions with the conditional is critical to understanding a
great number of mathematical propositions.

Conditional Elimination (Modus Ponendo Ponens)

I.

Γ.
...

∆.
...

Γ.∆.

II.

m
...

n
...

o

III.

P → Q
...

P
...

Q

IV.

–
...

–
...

(m),(n) MPP

Just bear in mind that even though we assert Q alone in (o), we still rely
on dependencies (Γ.∆.) because we require both steps (m) and (n).

Next we have ’conditional introduction’ also known as Conditional Proof,
and it represents our first example of an inference rule which allows us to
remove dependency numbers.
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Conditional Proof

I.

Γ.
...

Γ.∆.
...

∆.

II.

m
...

n
...

o

III.

P
...

Q
...

P → Q

VI.

–
...

–
...

(m),(n) CP

Here we have asserted P at (m) and then Q at (n), where Γ, the depen-
dency of (m) is a subset of the dependencies of (n).

Now, we can assert P → Q in (o), rejecting Γ from our list of depen-
dencies. Why can we do this? Because whatever intervening steps occur
between (m)...(n), Q can only be asserted conditional on Γ holding, and Γ
is the dependency of P.

So we can reject Γ as a hypothesis, and we know Q follows from Γ, which
is what is sufficient to assert P, then we know that if P were true, then Q
would be true which is what P → Q conveys.

Another rule of conditionals is called Modus Tollendo Tolens.

Modus Tollendo Tolens

I.

Γ.
...

∆.
...

Γ.∆.

II.

m
...

n
...

o

III.

P → Q
...

¬Q
...

¬P

VI.

–
...

–
...

(m),(n) MTT

This is obviously quite similar to MPP. Here, since we know that P → Q
means ’wherever P, Q,’ and we know that Q is not the case, P cannot be
the case. If it were, by P → Q could would follow by MPP. But we know
that ¬Q, so P cannot be the case.
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However, we have omitted a particular tool used in our proofs, one that
is exceedingly useful; The Rule of Assumptions.

Rule of Assumptions

I.

n.

II.

n

III.

Φ

VI.

A

This rule essentially says that at any point in any proof, we may assert
any proposition whatsoever so long as we give it its own new dependency
number

Φ is an arbitrary formula. It could be one sentence letter, it could be a
complex logical phrase involving a dozen connectives. If it is useful for our
proof, and we feel confidant we can eliminate it’s dependencies in a further
step, we may assert whatever Φ we choose, at any point in our proof.

Generally in a proof the first few steps list the premises given, using the
rule of assumptions each time. This is where dependencies show their use.
At the end of a proof, when we have arrived at the sentence we wished to
prove, we want to make sure the only dependencies we need at that line are
those we took as as premises.

This means that whenever you use the rule of assumptions to introduce
a sentence not listed ampng your premises, you will need to use some rule
to eliminate that dependency before the proof is done.

Now we have the tools we need to construct a few proofs as practice.

Proof A

1. P

2. P → Q

3. P → (Q→ R)

∴ R

Proof B

1. P → (P → Q)

∴ P → Q

Proof C

1. ¬P
2. ¬¬Q→ P

∴ ¬Q
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There is another rule of natural deduction that deals with (¬) that we
have not mentioned, and this is because it is perhaps the most useful tool
in a mathematician’s arsenal; Reductio ad Absurdum, also known as proof
by contradiction.

Reductio at Absurdum

I.

n.
...

Γ.n.
...

Γ.

II.

n
...

m
...

o

III.

P
...

Φ ∧ ¬Φ
...

¬P

VI.

–
...

–
...

n,m RAA

In a proof by contradiction, where say we want to prove P, first we assume
that ¬P . Then we combine the assumption of ¬P with our other assump-
tions to arrive at a logical impossibility. In the case of formal logic, this is
some formula of the form Φ ∧ ¬Φ.

G. H. Hardy described proof by contradiction as ”one of a mathemati-
cian’s finest weapons”, saying ”It is a far finer gambit than any chess gambit:
a chess player may offer the sacrifice of a pawn or even a piece, but a math-
ematician offers the game.”

There is a classic example of this proof method in action; the proof that√
2 is irrational.

Prove;
√

2 is Irrational.

Well, begin by supposing that
√

2 is rational, that is it can be written as
the ratio of two integers p and q.

√
2 =

p

q

Where p and q are in lowest terms (if there are any common factors in p
and q, we cancel them). We can square both sides of the above to give

2 =
p2

q2

Which implies

p2 = 2q2
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Thus p2 is even. However the only way p2 can be even is if p itself is even.
But if p is divisible by 2, p2 must be divisible by 4. Hence q2 must also be
even. Which means that p and q share a factor, contradicting one of our
premises.

It follows that
√

2 cannot be rational.

QED.

7 Counterexamples, Semantics, and Truth Tables

We’ve answered the question of how one establishes that an argument is
valid, but how are we to show that a particular argument is invalid?

It is not enough to say that we can find no proof. Failing to see a way to
construct a valid proof is not sufficient to demonstrate that an argument is
invalid.

Instead we often employ counterexamples, instances of an argument of
the same form as the one we suspect is invalid, but which are more clearly
incorrect modes of reasoning.

Until now we have only considered the syntax of CPL. There is another,
more intuitive aspect of CPL, the semantics.

The semantics of CPL is essentially a means of formalizing the fact that
counterexamples exist for invalid arguments.

What we do now is recognize that the logical connectives are what is
called truth functional. That is, each connective takes the truth value of
each of the formulas it connects, and based on their truth values, computes
a truth value for the entire formula.

Because each variable (sentence letter) can have only one of two values,
and the logical connectives are truth functional, it follows that for any given
valuation of sentence letters, a formula containing them can only have one
of those two values as well.

The symbols of arithmetic and algebra are functional as well. Think of
sentence letters as variables in an algebraic expression, and the connectives
like algebraic symbols. The difference with logical formulas is instead of
any number being a possible value of a variable, there are only two possible
values a sentence letter can take; True or False.
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Consider the corresponding exercise with a algebraic expression

(x + y)z − (y + z)(y + x)

and we assign the following values

x = 10, y = 3, z = 5

We all know how to do algebra, and so we can compute

(10 + 3)(5) − (3 + 5)(3 + 10)

(13× 5) − (8× 13)

65 − 104

39

We can do the same thing for CPL formulas constructed with truth func-
tional connectives, only because we only have two possible values to consider,
we can construct a table which displays them all.

For example, the following is the truth table for the formula (¬P ) ∧Q

P Q (¬ P) ∧ Q

T T F T F T

T F F F F F

F T T T T T

F F T F F F

To the left of the vertical line we list all the sentence letters in the formula
we are evaluating. We make sure that we list every possible combination of
values among the sentence letters we have

We duplicate these valuations beneath where those sentence letters ap-
pears to the right of the vertical line.

Beneath each logical connective that appears in the formula in question,
we put the value that connective computes when applied to the current value
of its respective sentence letter/s.

The question is now, how exactly do the logical connectives compute
values for the entire formula?
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Each logical connect has its own characteristic truth table.

Here is the one for negation;

P (¬ P)

T F T

F T F

And for conjunction;

P Q (P ∧ Q)

T T T T T

T F T F F

F T F F T

F F F F F

And finally that for the conditional;

P Q (P → Q)

T T T T T

T F T F F

F T F T T

F F F T F

First remember that a logical connective can link any two smaller formu-
las, not just sentence letters. This means that for any particular formula,
there will be what is called the main connective, a logical symbol not embed-
ded in parentheses. It is the value of this connective receives that determines
the entire formula’s valuation.

The valuations of the main connectives in the above truth tables appear
in bold.

Now, how to we use truth tables to demonstrate invalidity?
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We can also do a truth table for a proposed proof, such as the example
we saw earlier.

P → (Q → R) ` Q → (P → R)

T T T T T T T T T T

T T F T T F T T T T

T F T F F T F T F F

T T F T F F T T F F

F T T T T T T F T T

F T F T T F T F T T

F T T F F T T F T F

F T F T F F T F T F

If an argument is valid, then we employ our original definition of valid-
ity. The truth table demonstrates that there is no situation where all the
premises are true, and the conclusion is false.

In this example, the two formulas are false in exactly the same circum-
stances. We could have a weaker example of validity, such as with MPP.

P Q ` P → Q

T T T T T

T F T F F

F T F T T

F F F T F

Again, there is no situation where the premises are all true and the con-
clusion false.

Now what about an invalid argument? We can use an example of an
invalid argument we saw earlier

(P→Q), Q ` P

(P → Q) Q ` P

T T T T T

T F F F T

F T T T F

F T F F F

Here I have bolded the truth values of the main connectives of each of the
premises, in the line where they are both true. Notice that the conclusion,
P is not true in this situation, and so the argument fails to be valid.
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Also notice that this is exactly the counter example we mention for the
argument when we first encountered it; It could be that whenever it rains
over the roof, the roof gets wet, and the roof could be wet, and yet it need
not be the case that it is also raining.

Try constructing truth tables for the following formulas

(P → Q) ∧ (Q→ P )

¬(P ∧ (¬P ))

Now try the truth table examining the following argument;

(P → Q) ` (¬Q)→ (¬P )
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