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1 Introduction and Background

Fractals, sets that exhibit self-similar patterns, are mathematical objects that also appear in nature
and have many scientific applications. Not only are they interesting because of their applications,
but also because of their visual appeal and mathematical “niceness”. The goal of our lecture today
is to explore fractals and some of their applications by exploring their connection with dynamics
and chaos.

1.1 Fractals: Defining Properties and Examples

What is a fractal? Fractals are sets that have some sort of self-similarity. When you zoom in on a
part of a fractal, it looks like the whole fractal again. But instead of giving a rigorous mathematical
definition, let us look at some examples in both mathematics and in nature.

The triangle fractal in the middle is called Sierpinski’s triangle and is constructed by starting
out with a solid triangle, splitting it into four and taking out the middle triangle, and iteratively
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repeating this process with each new (smaller) solid triangle. Let us look at a few steps of the
process now:

Now, how might we construct a tree pattern using a fractal? We might start with a single stick
and replace it with a branched stick. Then, we repeat this process over and over again, replacing
each stick with a branched stick:

To make our tree more realistic, we should decrease the width of branches as we iterate. Suppose
that d1 is the width of the stem, and d2 is the width of each of the two branches that we break the
stem into. Then, a good approximation is

d21 = d22 + d22

as the amount of water passing through a branch is roughly proportional to the area of the cross
section of the branch.

Now that we have some examples of fractals, let us move on to dynamics, the next portion of this
talk. After defining a dynamical system, we will connect fractals and dynamics together.

1.2 Introduction to Dynamics

In a rough sense, dynamical systems are things that move. For example, we can think of the solar
system as a dynamical system (it follows the laws of physics and changes as time progresses). This
is an example of a continuous time dynamical system.
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In this time, however, we will be mainly concerned with discrete time dynamical systems. We
start with a space X (e.g. the plane, or 3-dimensional space) and a map f taking X to itself. For
a point x in X we refer to f(x) as the image of x. We can then take the image of the image by
looking at f2(x) = f(f(x)). Continuing on, we get f3(x) = f(f2(x)) and so on. The sequence of
points

x, f(x), f2(x), f3(x), . . .

is called the trajectory/orbit of x. We can think of our system as evolving over discrete time
steps so fn(x) is where the point x is after n time steps.

Example [The Times Two Map]: Consider the times two map on [0, 1), which is defined by

f(x) = 2x− b2xc.

Then, we can consider the trajectories of some points,

x = 1/5 has trajectory x, f(x), f2(x), . . . = 1/5, 2/5, 4/5, 3/5, 1/5, 2/5, . . .

which repeats. We call orbits that repeat periodic orbits. If we started with x =
√

2/2 instead,
then our orbit (with each point written out to 3 decimal places) looks like

.707, .414, .828, .657, .314, ...

This sequence will not repeat and is therefore called an aperiodic orbit.

Challenge: Prove that the point x in [0, 1) gives you a periodic orbit if and only if x is rational.

Another Example: Consider the function f that takes positive real number to positive real
numbers defined by

f(x) = 1 +
1

x
.

Let us see what the orbit of the integer 1 is. We have that

f(1) = 1 +
1

1
=

2

1

f2(1) = 1 +
1

2
=

3

2

f3(1) = 1 +
2

3
=

5

3

f4(1) = 1 +
3

5
=

8

5
...

The orbit turns out to look something like this:
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1
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2

1
,
3

2
,
5

3
,
8
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,
13

8
,
21

13
, . . . .
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Reading off the numerators, we see a familiar sequence!

Side Note: This sequence of fractions converges to the golden ration, ϕ = 1+
√
5

2 !

Challenge: For what positive numbers x does the orbit of x converge? Do orbits of different
positive numbers converge to different numbers?

As iteration also played a key role in defining fractals, one might suspect that fractals and dynamical
systems are linked. This is often true as we will soon see!

2 Fractals and Dynamical Systems

2.1 Some More Constructions of Sierpinski’s Triangle

Let us see if we can use dynamical systems to construct some fractals. Consider the following
transformation (let us call it f) on an equilateral triangle that, after breaking the triangle up into
four subtriangles, leaves the center subtriangle fixed but stretches the other three sub triangles to
fill up the whole triangle again:

A B

C

D

Here, triangle C would be fixed, whereas the other three triangles A, B, and D would be stretched.
For example, the transformation would transform triangle A as follows:

f
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Then, we can ask for the set of points x of the triangle such that the orbit of x eventually ends up
in the triangle C. More formally, we ask for the set of points x in the triangle such that fn(x) is
in C, for some nonnegative integer n.

We can break this set of points into subsets as follows. Let

Cn = {x : fn(x) is in C}.

Then, we see that
C0 ⊂ C1 ⊂ C2 ⊂ . . .

and their union
⋃∞

i=0Ci is the set of points whose orbits eventually lie in C. Let us see what these
sets look like.

C0 is just the set C. We will shade these sets in white:

C1 is the set that lands in C0 after one iteration of f . We can see that this corresponds to our
white triangle above and the middle triangle of each shaded black triangle:

Then, C2 is the set that lands in C1 after one iteration of f . This is C1 and also the middle triangle
of each shaded black triangle in the above image:

5



Aha! We see now that repeating this process over and over again will give us Sierpinski’s triangle
in the limit. Therefore, Sierpinski’s triangle can also be defined as the set of points x in the triangle
whose orbit eventually lies in the middle triangle (which we had labeled as C before).

Okay, now let us play a game. It is called the chaos game. We’re going to start with a point in
the plane and move it around via a set of prescribed rules, and we’re going to plot it at each step.
There will be some chance involved in our game.

Let us start with a simple game. Our board will consist of three dots at the corners of an equilateral
triangle, colored red, green, and blue. We will also have a die with two faces of each color, and
start with a point. Our rule will then be as follows

Role the die. Travel halfway to the point of that color. Plot that point. Start the game again at
this new point and repeat.

Here is our original setup:

As we start to play the game, we get a picture like this:
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And as we continue playing the game (plotting thousands of points), we see this:

Look, it’s Sierpinski’s triangle again!

Challenge: Convince yourself that Sierpinski’s triangle is a reasonable shape to get out of this
particular chaos game.

If you want to play the chaos game online, here are a couple of good links:

http://math.bu.edu/DYSYS/applets/fractalina.html

http://www.shodor.org/interactivate/activities/TheChaosGame/

Here’s another fractal construction that you can try: Write out columns of Pascal’s triangle and
shade in the odd numbers. If you write out enough rows, you should start seeing a familiar pattern!
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Okay, that is enough of Pascal’s triangle for now! Let’s move onto something else. Now, we’ll talk
a little bit about a famous fractal called the Mandelbrot set. Recall that a complex number is a
number of the form

z = a + bi,

where a, b are real numbers and i =
√
−1. The norm of a complex number is

|z| = |a + bi| = a2 + b2.

Now, we have everything that we need to define the Mandelbrot set. We fix a complex number and
consider the function

fc(z) = z2 + c.

We then look at the orbit of 0 under this map. That is, we look at the sequence

0, fc(0), f2
c (0), f3

c (0), f4
c (0), . . . .

If we can find a real number M such that

|fn
c (0)| ≤M

for all natural number n, then we say that the complex number c is in the Mandelbrot set. Here is
a picture of what this set looks like:
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But if we zoom into particular areas of the Mandelbrot set, things become much more interesting.
For example, here is a zoomed in view of part of the tail of the Mandelbrot set:

For more about the Mandelbrot, including more images, the wikipedia page is a wonderful source.
Also, check out the Mandelbrot set viewer!

http://en.wikipedia.org/wiki/Mandelbrot_set

http://math.hws.edu/xJava/MB/
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3 A Discussion about Dimension

3.1 You Have to Measure in the Right Dimension

What does it mean when we ask for the dimension of an object? We have that a line is one
dimensional, a plane is two dimensional, and a cube is three-dimensional. How about a fractal like
Sierpinski’s triangle? Is it of the same dimension as a line? As a plane? Or is it somewhere in
between?

Intuitively, if we have something that is one-dimensional, for any piece of it, we should be able to
calculate its length. For something that is two dimensional, we should be able to calculate its area,
and etc. with higher dimensions. For example, the following curve is one-dimensional because we
can calculate its length by approximating it with line segments:

Now, let’s look at a fractal called the Koch Curve. It is defined by iteratively taking each line
segment and replacing it with a bumped out line (where we cut the line into three equal pieces and
replace the middle piece with two pieces of the same length - so the new segment is 4/3 times the
length of the original) as follows:

What happens when we try to calculate the length of the Koch curve? We see that the line of the
first iteration is 4/3, the length of the next iteration is (4/3)2, the next is (4/3)3, and etc. So the
Koch curve has infinite length. Therefore, it shouldn’t be of dimension one.

Perhaps the Koch curve is two-dimensional then. Can we calculate the area of the Koch curve?
The first iteration gives a triangle of base length 1 and height

√
3/6 for an area of

1

2
· 1 ·
√

3

6
=

√
3

12
.
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For our second iteration, we have four triangles of length 1/3 that of the previous iteration and
height 1/3 that of the previous iteration for an area

1

2
· 1

3
·
√

3

18
=

√
3

12
· 4

9
.

Continuing on, we find an area of
√
3

12 ·
(
4
9

)n−1
for the nth iteration. So the area of the Koch curve

is zero.

Therefore, the Koch curve shouldn’t be either one or two dimensional, but somewhere in the middle!

3.2 Box Counting Dimension

Let us explore something called the box counting dimension. Let us try to cover the Koch curve
with boxes of side length r. We then count the number of boxes, N(r).

For a one dimensional curve, we expect N(r) · r to approximate the length of the curve and for a
two dimensional shape, we expect N(r) · r2 to approximate the area of the shape. As area, length,
etc. remain constant, we therefore expect approximately that N(r) = k(1/r)d for some d and k.
But then, we can compute d using logarithms:

log(N(r)) = log(k) + d log(1/r),

and so as r gets small,

d = lim
r→0

log(N(r))

log(1/r)
.
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This is the box counting dimension!

Let us compute the box counting dimension for the Koch curve. We see that we can cover it with
3 boxes of radius 1/3, 12 boxes of radius 1/9, 48 boxes of radius 1/27, . . ., up to 3 · 4n boxes of
radius 1/3n+1. Thus, we have that

d = lim
r→0

log(N(r))

log(1/r)

= lim
n→∞

log(3 · 4n)

log(3n+1)

= lim
n→∞

log(3) + n log(4)

log(3) + n log(3)

=
log(4)

log(3)
.

So the Koch curve has fractional dimension.

3.3 Similarity Dimension and More

We notice that the dimension was easy to calculate because the Koch curve has self similarity. At
each iteration when computing the box counting dimension, we multiplied the number of boxes by
4 while scaling the length of each box by 1/3. We could do this because the Koch curve has self
similarity. The curve is comprised of 4 smaller copies of the curve each scaled by a factor of 1/3.
With this example as motivation, we define the similarity dimension as

d =
log(N)

log(1/r)
,

where N is the number of copies that the curve splits into, and 1/r is the scaling factor. When
the similarity dimension is defined, it is equal to the box dimension. However, the box dimension
is defined for more fractals.

Challenge: Compute the dimension of Sierpinski’s triangle.

There are many other ways to define dimension as well such as the mass dimension, Minkowski
dimension, and Hausdorff dimension. They all agree on simple fractals such as Sierpienski’s triangle
and the Koch curve. But things become harder when you move beyond that.

For the curious, there is a wikipedia page on the Hausdorff dimension of various fractals:

http://en.wikipedia.org/wiki/List_of_fractals_by_Hausdorff_dimension

Some highlights: the Hausdorff dimension of the boundary of the Mandelbrot set is 2, and the
Hausdorff dimension of the coast of Great Britain is 1.25.
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4 Deterministic Chaos

4.1 What is Mathematical Chaos?

Chaos is often thought of as some sort of disorderliness or randomness. However, in mathematics,
chaos is not necessarily randomness! There is a notion of deterministic chaos in mathematics that
is based on the following three tenants:

(i) Sensitivity to Initial Conditions: No matter how close together two (distinct) states are,
their futures will eventually be sufficiently different.

(ii) Mixing: Given any two states S1 and S2, there is a state near S1 that will eventually be
near S2.

(iii) Dense Periodic Orbits: For any state S1, there is a state S2 arbitrarily close to it that
eventually returns exactly to S2.

4.2 A Glimpse at Chaos and Fractals

Chaos theory and the theory of fractals have many overlaps. We’ll look at just one example today,
that of the Mandelbrot set and the transformation that defines it,

fc(z) = z2 + c.

We can think of our state as the value of c that we begin with, and can look at the iterates fn(c).
Thinking of this as a dynamical system, we can examine the orbits of different points in the complex
plane and notice that this system exhibits some of the defining properties of chaotic behavior. For
example, we can pick two points close together, and eventually their iterates will be far apart from
each other (e.g. two points close together, but on different sides of the boundary of the Mandelbrot
set).
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