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1 Initial Motivation

Causality might be thought of as the study of causal curves on a Lorentzian manifold. Under what
conditions can two points be joined by a causal curve? When is this curve a geodesic? Is it extendible?

These sorts questions are important for many reasons. In physics, causal curves are represent particles
travelling trough spacetime. It is of obvious relevance to know whether, for instance, such a particle
might be able to loop around and somehow modify its own past. From a purely mathematical perspec-
tive, studying causality also helps us to identify the conditions under which we can -and more notably
cannot- hope to solve the Cauchy problem for the Einstein equations.

A fundamental theorem of Choquet-Bruhat asserts us that, given any sufficiently smooth initial data
set, we can solve the Cauchy problem locally. However, this tells us nothing about geodesic complete-
ness. In fact, Schwarzschild model shows that geodesic completeness fails in general. What causes
such singularities to develop? Is the singularity in the Schwarzchild metric somehow a pathology of
the model, or will singularities always arise?

2 Global hyperbolicity

In order to properly discuss causality, we require a fairly long list of definitions which, fortunately, are
all quite intuitive.

2.1 Basic definitions

Our setting is a four dimensional Lorentzian manifold M with metric g. We assume moreover that M
is time-oriented. (This means that there is a smooth timelike vector field on all of M. )

Definition 2.1. The chronological future I+(p) is the set of all points q that can be joined to p by a
future directed timelike curve. For a set S ⊂M, we define

I+(S) =
⋃
p∈S

I+(p).

We chronological past I−(p) and I−(S) are defined analogously.

Definition 2.2. The causal future J+(p) is the set of all points q that can be joined to p by a future
directed causal curve. The sets J+(S), J−(p) and J−(S) are defined as above.

Definition 2.3. A set S is said to be achronal if I+(S) ∩ S = {0}.
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Definition 2.4. For an achronal set S, we define the future domain of dependence D+(S) to be the
set of all points p ∈M such that every past inextendible causal curve through p intersects S. The past
domain of dependence D−(S) is, as expected, the set of all points q such that every future inextendible
causal curve through q intersects S. The domain of dependence of S is D(S) = D+(S) ∪D−(S).

Definition 2.5. A Cauchy hypersurface is a closed, achronal topological hypersurface Σ for which
D(Σ) = M.

Definition 2.6. M is said to be globally hyperbolic if it admits a Cauchy hypersurface.

2.2 Some counterexamples

Proposition 2.7. If M is compact, then it has a closed timelike curve.

Proof. Note first that for each p ∈ M, the chronological future I+(p) is an open set. Hence, the
collection of all such sets is an open cover for M. By compactness, we can select a finite subcover
I+(p1), . . . I

+(pn). Notice now that if pn is contained in I+(pk) for some k < n, then we can simply
discard I+(pn) because then I+(pn) ⊂ I+(pk). So either pn ∈ I+(pn) and we are done, or we can
repeat the same process for pn−1. Eventually this process will terminate and we will get pk ∈ I+(pk)
for 1 ≤ k ≤ n.

Corollary 2.8. If M is compact, then M fails to be globally hyperbolic. (indeed, any surface which
interesects a closed timelike curve fails to be achronal)

The proof of the proposition emphasizes on an important fact: globally hyperbolic manifolds do not
have closed timelike curves. Since observers in our model of spacetime travel on timelike curves, it
makes physical sense to exclude manifolds which admit closed timelike curves.

As it happens, the class of manifolds we are left with is still too large. We should also exclude
manifolds which admit curves that are “almost closed.” Indeed, observers travelling along such curves
could violate the causality principle under arbitrarily small perturbations of the metric. This motivates
the following definition.

Definition 2.9. We say M obeys the strong causality condition if every p ∈M has a neighborhood
p ⊂ U such that no causal curve intersects U twice.

Example 2.10. The slit tube.

Definition 2.11. Let C(p, q) be the set of continuous, future directed causal curves from p to q, where
curves that differ only by reparametrization are identified. We define a topology on C(p, q) by stipulating
that a set S is open in C(p, q) if it is entirely contained within some open set U ⊂M.

2.3 Eequivalent formulations

It is remarkable that we can provide a definition globally hyperbolic spacetimes which is purely causal
and is not obviously related to Definition 2.6. We have the following

Theorem 2.12. The following are equivalent:

1. M is globally hyperbolic (i.e. M admits a Cauchy surface)

2. (i) the strong causality condition holds and (ii) C(p, q) is compact for any two p, q ∈M.

3. (i) the strong causality condition holds and (ii) J+(p) ∩ J−(q) is compact for any two p, q ∈M.

The proof is due to Geroch and relies on a few minor lemmas. We refer the reader to [3].

Example 2.13. The slit tube (again!)
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3 Example: the Schwarzschild exterior is globally hyperbolic

To illustrate how these two perspectives can be useful, we will give two equivalent proofs of the fact
that the Schwarzschild exterior N is globally hyperbolic.

Recall that the Schwarzschild metric on R×R3 is given by the coordinate expression

ds2 = −(1− 2M

r
)dt2 + (1− 2M

r
)−1dr2 + r2(dθ2 + sin2 θdφ2).

This expression is well defined in the exterior N = {(t, r, θ, φ) : r > 2M} and the black hole B =
{(t, r, θ, φ) : 2M > r > 0}.

Lemma 3.1. Note that M = (R× R)× S2 where g = π∗(gr) + r2π∗(gt). In order to show that (M, g)
is globally hyperbolic, it’s enough to show that (R× R, gr) is globally hyperbolic.

Proof. See [1][Lemma 14.33]

Lemma 3.2. Σ is a Cauchy surface if and only if every inextendible null geodesic intersects Σ and
enters I+(Σ) and I−(Σ).

Proof. See [2][Theorem 8.3.7].

Lemma 3.3. The (radial) null geodesics of N are parametrized by (3.1) below.

Proof. The metric is given by ds2 = −h−1dt2 +hdr2, with h = (1− 2M
r )−1. Given a curve γ(l) is a null

geodesic if and only if −(γ
t

dl )
2 + 1

h(γ
r

dl )
2 = 0. Rearranging terms, this implies that dt

dr = ± 1
h = ± 1

(1− 2M)
r

.

Solving the ODE gives that

t = ±(r − 1) log(
r

2M
− 1) + C. (3.1)

3.1 First method

We first prove that Schwarzschild is globally hyperbolic by producing a Cauchy hypersurface. We claim
that the set SN := {(0, r)} is a Cauchy hypersurface. Indeed, (3.1) shows that every null geodesic will
intersect SN exactly once. By Lemma 3.2, we’re done.

3.2 Second method

Another approach consists in showing that N verifies the strong causality condition, and that J+(p)∩
J−(q) is compact for any two p, q ∈ N. The fist condition follows almost immediately from (3.1).
Indeed, the future pointing causal curves which begin in a neighborhood of some point p are trapped
by the future pointing null curves which begin in the same neighborhood. But these null curves will
never return anywhere near p.

For the second condition, suppose without loss of generality that q ∈ J+(p). Then either there is a null
curve γ joining p and q, or q ∈ I+(p). In the first scenario, J+(p) ∩ J−(q) is simply the segment of γ
joining p and q, which is certainly closed. In the second scenario, J+(p)∩ J−(q) is the region bounded
by the two unique future pointing null geodesics emanating from p and the two unique past pointing
null geodesics emanating from q. Using (3.1) we can verify that this region is also closed.
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4 The Penrose Incompleteness Theorem

Theorem 4.1 (Penrose Incompleteness Theorem). Let (M, g) be a globally hyperbolic spacetime sat-
isfying Ric g ≡ 0 as defined in the introduction. If M contains a trapped surface and a noncompact
Cauchy hypersurface, then M is future null incomplete. That is, there are future pointing null geodesics
Gx(τ) which cannot be defined for all τ ∈ (0,∞).

A trapped surface, intuitively, is one whose area will decrease along both incoming and outgoing null
geodesics.

The Penrose Incompleteness Theorem tells us that the existence of a trapped surface is enough to
guarantee the formation of a singularity. It is particularly remarkable in that it relates a causal
property of the spacetime (properties of geodesics in spacetime) to a purely geometric property. It also
has some remarkable corollaries.

Corollary 4.2 (Penrose, 1965). Perturbations of the Schwarzchild initial data are still geodesically
incomplete.

Corollary 4.3 (Schoen and Yau, 1983). Sufficiently large concentration of data leads to the formation
of a trapped surface. Hence, we cannot hope to prove a large data global existence result.
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